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I. INTRODUCTION 

The Blades of the last stages of steam turbines generally have 
great radial length, to the extent that the outside diameter of the 
blading is as much as twice the inside diameter. Likewise with gas 
turbines, it is desirable to select a large ratio of outside -to - 
inside diameters in order to achieve small turbine dimensions. It 
is principally this outside diameter that determines the dimensions; 
and for a given required gas -flow velocity, this diameter will be 
inversely proportional to the degree to whloh the area corresponding 
to it is utilized for gas flow, that is, it will deorease with a 
decrease in the relative inside diameter. The relations are similar 
for axial superchargers . 

In such bladings of relatively great length, the flow through 
the blades is markedly different at different points along the blade 
length. Namely, wherever a twist occurs in the flow line, centrif- 
ugal forces influence the portions of gas moving in curved paths. 

The result of this is an increase of pressure from inner to outer 
portions of the annular space between inner and outer circumferences. 
The pressure drop occurring in a turbine stage is thus divided 
differently between the stator and rotor toward the hub than toward 
the outer circumference. This phenomenon is of great importance in 
the design of the blading and must be considered in determining the 
form of the blades, if good efficiency is to be obtained. Amazingly 
enough, it has been treated very little in the literature. A. Stodola 
in the fourth edition of his classic book on turbine construction 
(reference 1) briefly discusses the matter and makes some estimates 
of the order of magnitude of pressure increase in a radial direction. 
However, this section is omitted in the later editions. Subsequently, 


*"Dle St running durch Axialturbinen-Stufen von grower SchaufelhShe . 
Deutsche Luftfahrtforsobung, Forsohungaberioht Hr. 1750. Luftfahrt- 
forsohungsanstalt Hermann Goring, Braunschweig, Inst, f . Motoren- 
forsohung, ZWB, Feb. 16, 1943, pp. 1-39. 
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G-. Darrleus (reference 2) studied the same phenomenon and attempted 
to clarify It In terms of the aerofoil theory of Prandtl. However, 
he only qualitatively discussed the phenomenon. A calculation of 
the flow and pressure relations has, to the "best of our knowledge, 
not been undertaken. Quite recently W. Hartmann (reference 3) 
measured the difforence in pressure between the inner and outer walls 
behind a turbine stator. The results showed a somewhat smaller dif- 
ference than that obtained by calculation for a flow that is in 
accordance with the spiral formula r = constant (c^ = peripheral 
component of the velocity; r = radius) . Hartmann refers to the 
difficulties in making an exact measurement of pressures in the annular 
space defined by a turbine blading and consequently necessary inac- 
curacies in the measurements obtained. In this paper a calculation 
of the flow in turbine blading will be reported that will include the 
calculation of the effect of centrifugal force. In connection there- 
with a negligible viscosity of the flowing gas and a flow of rotational 
symmetry will be postulated, that is, the same assumptions that are 
mode by the Euler turbine theory, which is in general use for turbine 
calculations. As In the Euler formulas, the frictional losses on the 
stator rotor blades will be allowed for subsequently through the 
velocity coefficients cp for the stator and 4/ for the rotor. The 
calculation was made by the first author (2c!csrt) a few months ago. 
Since then the experiments of the second author (Korbacher) with a 
test rig of his own design have satisfactorily confirmed the results 
for the stator. Therefore the mathematical method can now be pub- 
lished together with the experimental results obtained so far 1 -. 


• II. CALCULATION OP THE PLOW TIWHTW T) THE STATON 
1. Twisted Blades 

The flow as found behind a stator alone will first ho investigated. 
That is, the respective rotor is to he thought of as not yet put in 
plaoe. Figure 1 schematically presents an axial section through such 
a stator. The stator blades occupy the annular space between the inner 
diameter D^ and the outer diameter D a . A system of polar coordinates 
so placed in the stator that z falls along the axis of the turbine, 
r is the distance from the axis of rotation, and e is the angle must 
be imagined. The stator blades are understood to be so close together 
that the small velocity variations across the blade spacing can be 
neglected wnfl the flow regarded as axially symmetrical, that is. 


^We owe thanks to Professor C. Pflelderor, Doctor of Engineering, 
for various suggestions to our work. 
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Independent of e. The flow is assumed to approach tlie stator In a 
strictly axial direction with a velocity c^ which is uniform over 
the whole cross section of the annular space. In other words, the 
whirl component of the velocity is zero in front of the stator. A 
twist is then given to the flow hy the stator blades. In the 
plane 1-1 close behind the stator, which is to be the site of the 
following investigation of velocity relations, let Cn , which has 
the components o ^i , c^, and c r ^, represent the velooity at the 
distance r from the axis. Owing to the whirl component o u ]_ of 
the velooity, centrifugal forces operate upon the particles of fluid 
and effect an increase of the pressure in a radial direction. 

Observe a portion of fluid at a distance r from the axis of 
rotation, with base area df and height dr. Its volume is thus 


(7 ** specific weight; g = acceleration 


also a pressure force 


d# dr and Its mass ^df dr 
of gravity) . Upon this portion of gas there operates in a radial 

7 c ul 

direction the centrifugal force — — — c 

a?-, 6 

of the magnitude df-^-dr [KACA comment: The German did not dis- 

or 

tlnguish between partial and total derivatives. In order to avoid 
confusion partial derivatives have been distinguished from total 

dc r n 

r — — . Because c r may 

L dt 

wing applies to steady flow 


derivatives *3 , an inertia force 


dc rl 9o rl dr 9c rl dz ^rl . ^rl 

dt " dr dt + dz dt “ °rl “S?" + ^ ”55” 


By equating the three forces the following equation is obtained 


°ul _ do rl £ d Pl 

r " dt 7 dr 

Note that during the flow through the blading, the Inertia force 
acquires considerable magnitude, especially when the dimension of 
the blade -row in z direction is small. This can be seen from tbs 
course of the flow lines through the stator, as shown in figure 3. 
At the point of exit from the blading, the radial velocities have 
nevertheless already decreased greatly, therefore In the plane 1-1, 
which is but little removed from the blade-exit plane, they may 
already be ignored. This appears from the measurement a to be . 
reported subsequently. If the radial velocity c r j. in the 
plane 1-1 is set equal to zero, for the preceding equation the 
following simpler form is obtained 
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°Sl n S dp l 

r “7 dr 


( 1 ) 


From it the radial increase in pressure can he calc ulat ed an soon 
as the magnitude of the •whirl component c^ as a function of r 
is known. With the close spacing assumed for the blades, the 
direction of the velocity vector c is at once kno wn, becauce at a 
short ' distance behind the stator blades it will be equal to the exit 
angle of the blades If this angle is measured with respect 

to the peripheral direction, the following relation for the whirl 
component is obtained 


°1 " 


°ul 

COS Or. 


(2) 


in which the angle ct^ is to be regarded as a function of .r deter- 
mined by the blade form. Outside the boundary layers at the blade 
surfaces, which become infinitely thin at negligible viscosity of the 
flowing gas, the flow may be regarded as frictionless. The following 
Bernoulli equation then applies along a flow lino through the stator 


J 


fa: 


SE + £1 

7 2g 


(3) 


At small flow velocities the integral is replaced by the expression 
E. The constant K is then simply the total pressure divided by the 
weight density 7. At large velocities, 7 may no longer be regarded 
as constant. The integral J is then suitably taken for the given 

pressure p from a Mollier i-s diagram. It Is the same as the 
enthalpy i (heat content) in mechanical units (mkg/kg) . The 
Bernoulli oonetant is then the enthalpy corresponding to the impact 
pressure . In the general case, when no potential flow Is Involved, 
it has a different value for each flow line. Mathematically formu- 
lated this moans that K in the cross section 1-1 may be a function 
of r. But in the present case it may easily be shown that K has 
the same numerical value for all flow lines. Because the velooity 
c in front of the stator is unvarying throughout the radial length 
of the blades and because the flow is free of twist at that point and 
Is therefore of uniform pressure over the cross section, equation (3) 
gives the same value of the constant for every flow line. The total 
pressure is therefore uniform over the whole flow field. If equation (3) 
is now differentiated with respect to r 
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1 d£ + o do = o (4) 

7 dr g dr 

By applying the equation to the cross section 1-1 and eliminating 
the pressure hy means of equation (1) 



(5) 


In order to substitute its peripheral component for velocity o-j^ In 
equation (5), equation (2) 1 b differentiated vlth respect to r 


dc l _ l do ul + °ul Bln "l d<x l 
dr oos dr cos 2 cl^ dr 

Thereby equation (5) becomes 


or 


°ul 

r 


1 do ul 

COB 2 C<2 dr 


c n -| tan da^ 

cos 2 dr 


dc ul 

°ul 



+ tan otrj_ 


av 

dr/ 


f (r)dr 


( 6 ) 

(7) 

( 8 ) 


The expression in parentheses is a function f(r) of r, determined 
by the blade twist. The differential equation when solved gives 


In = - ft (r)dr + constant 

or If In a^ [BACA comment: The quantities a and a]_ appear 

to be the same.] Is substituted for the constant, 

0 U1 - v -/f(r)te (9) 

The constant a-^ is to be determined from the quantity of flow. 
ThlB will be further discussed. 

2. Nontwlsted Blades 

If the stator has nontwlsted blades, the angle oq_ 

Independent of r, and from equation (8) is obtained 


Is then 
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= - cos 2 cu <?£ (10) 

°ul r 

By integration of this equation 

2 

c ul r cos a l = constant = (11) 

The axial component of the velocity is determined from c m -j_ = tan 

2 

°ml rC ° B tan = constant (12) 

The constant a^ 1 b obtained from the weight of gas passing through 
the stator in a unit of time, which is represented by G. The equation 
is 


G 



7 c. 


ml 


2r it dr 


Because of the dependence of the specific weight 7 upon the pres- 
sure, an exact evaluation of the equation is very difficult. If a 
mean value 7 m is used, from equation (12) the following expression 
for a^ is obtained 


1 + sin 2 


an = 


'm 


2 jt tan 


°il r , 


' sin 2 + 1 _ r sin 2 Oj. + 1 j 


(13) 


If the annular space occupied by the stator blading Is cylindrical, 
as in figure 1, then ai can also be expressed in terms of c^, 
the velocity ahead of the stator. At this latter point the following 
equation applied 


G - 7 0 k (r| - rf) 


Thus is obtained 


a l 


y c m0 

'm 


(1 + sin 2 o-i) (r! - rf) 

2 tan oj. (V in2 “1 + 1 - “1 + ^ 


(14) 
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The ourve of pressure over the cross section 1-1 Is obtained from 
equation (3) . If the velocity at the Inner diameter Is represented 
'as- c il# then 





(15) 


and, taking account of equations (2) end (11), 



JL_ 

2g 



COB 2 



(16) 


The quantity 


/: 


represents simply the negative value of the 


& 

7 
r i 

heat drop between the respective radii in question. From It with 
the aid of the entropy diagram, the pressure difference Ap can at 

onoe be taken. At small flow velocities f = ^2. Equations (11), 

J 7 7 

(12), and (16) are numerically evaluated In figure 2. As only exhi- 
bition of the variation of the velocity is considered, the axial 
velocity at the inner diameter c ml -, is set equal to 1. The calcu- 
lation has been carried out for two clads -exit angles, 30° and 45°. 

The dashed curve will be discussed later. Behind the stator the 
axial component is no longer uniform throughout the length of the 
blades. It 1 b greatest at the inner diameter and decreases toward 
the outer diameter, that is, the flow is' deflected toward the axis 
of rotation by the stator. The course of the flow lines in passing 
through a stator with nontwisted blades of 30* exit angle is shown 
in figure 3. The course shown for the flow lines within the blading 
is estimated. 


3. Irrotational Spiral Flow 


With twisted blades it is possible, by appropriate choice of 
blade -exit angle, to achieve uniformity of the velocity component 
Ojjj throughout the length of blade behind the stator as well as 
ahead of it. In this case it follows from the Bernoulli equation 
''that' 



K 


(17) 
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By application of the equation to section 1-1, and by differentia- 
tion 


s + c do m 

7 dr iil dr 


0 


By combining this equation with equation (1) 



dc ul 

dr 


and by integration 


c^r » constant 


(18) 


(19) 


( 2 . 0 ) 


Thus the well-known fact Is arrived at that the flow must obey the 
spiral formula if the axial component Is not to vary with the 

radius after the flow passes through the stator. The range of pres- 
sure Is given as before by the equation 



The nontwisted blading produces, as 1 b seen from equation (16) 
and the above relation, a greater pressure Increase than the spiral 
flow c u r = constant. If In both cases the angle and the 

velocity c ^ are the same. If the two flows are postulated as 
having the same angle and the same velocity at the center of blade 
height, then the blading, twisted to produce a flow in accord with 
the spiral formula, produces a somewhat greater pressure increase. 
From equation (20) may be .determined the variation of blade angle 
along the blade length that will be necessary to produce the desired 
flow. As is known, the flow according to equation (20) is vortex- 
free. However, this does not apply for a spiral flow produced by 
nontwisted blades or blades with an arbitrarily seleoted twist. 

Now the nature of the vortices in the flow will be investigated 
more exactly. 


4. Distribution of Vorticity in the Flow 

In a flow subject to vortices a vortex vector W at any point 
may be defined by the equation 
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o rotation o (21) 

The. vector ,1b here .designated by. the mean line. One half the value 
of this vorticlty gives the angular velocity with which the neigh- 
boring fluid partioles revolve about the vector dlreotlon as an axis. 
The calculation of the vortex strength W can be made with the aid 
of the Stokes theorem. This theorem states that every component of 
the vorticlty Is equal to the circulation dT around a small surface 
element standing perpendicular to the direction of the vector com- 
ponent, divided by the magnitude of this surface element df, that 
Is 


W 


d r 

df 


( 22 ) 


With the aid of this theorem the three components of the vorticlty 
will be determined. In order to calculate the component In the 
peripheral direction W u , the oiroulation, that Is, the line 
Integral of the velocity around a small surface element having 
sides of length dr and dz (fig. l) must be developed. At a 
distance r from the axis of rotation, the axial velocity c_n 
exists. The line Integral along the linear element dz has there- 
fore at this point the value c^i dz. At the distance r + dr 

dCjni 

the axial velocity Is O mi + — "" dr. At this second point the line 

/ dcna > 

integral along dz therefore has the value ( c^ + dr ydz . 

Along the linear element dr the line integrar is zero, because 
the radial veloolty c r Is Ignored. As the sum of all the line 
Integrals pertaining to circulation around the surface element. 

Is thus obtained the expression for circulation 



&°ml 

dr 


dr dz 


and when dividing by the surface area, the following expression 
for the tangential component of the vortex strength 


V 


ul 


d-°ml 

dr 


( 23 ) 


The axial velooity is given by the relation 

°ml " °ul tan ®i* Thus equation (23) becomes 
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dc ul 

W ul = - tan 


°ul 


cos^ 


da^ 

dr 

dc ul 


By substitution of the value of the derivative fo. - from equation (8) 

(24) 


W ul = sin cos (x. 


°ul dot l 

■ “~C . ■ i, 

r ul dr 


In order to obtain the axial component of the vorticity, 

the circulation about a surface element with the dimensions dr and 
rde must be developed. The line integral along rde at distance r 
from the axis is c^rde. Aa the distance r increases by dr, the 

d ( rc ul>' 

line integral changes by ^ — drde. Because the line integrals 

along dr are zero, the circulation around the surface element is 


d r 


<l(r°ul) 


ml 


dr 


drde 


The vortex strength obtained by dividing this equation by the surface 
area Is 


_ 1 d ( rc ul) _ dc ul + °ul 
"ml r dr dr r 


(25) 


Again eliminating the derivative dc^^dr by means of equation (8) 

/ °ul d °1 


c ul 

w ml = tan o^sin cos — - c^ — 


0 


(26) 


The radial component of the vorticity Is zero because of the axial 
symmetry. Consequently the vector lies In a cylindrical surface 
(r = constant) and is at an angle 8 to the peripheral direction, 
which Is calculated from the equation 


tan 6 


w ml 


W, 


ul 


By substituting the expressions for the two vorticity components 
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Thus the vortex filaments travel in the current at the exit angle 
of the stator blading. This result is in agreement with a general 
hydrodynamic theorem that vortex filaments current filaments 
must coincide, if for the flow in question the Bernoulli equation 
with a fixed value for the oonstant K applies universally (refer- 
ence 4) . Hew such vorbioes come into existence in a current of 
negligible friction was' shown by Prandtl In his explanation of the 
Induced resistance of alrfollB. 

An airfoil of infinite span in a frlotlonless current is sub- 
ject to a force perpendicular to the direction of the free -stream 
velocity, if into the otherwise vortex-free current a circulation 
is introduced about the airfoil. The flow around the airfoil is 
then oomposed of a circulation-free stream flowing past it plus 
the circulation flow, which at a greater distance corresponds to 
the flow field of a potential vortex. Therefore as a first approx- 
imation the airfoil can be Imagined as replaced by a potential 
vortex. Such a vortex is subject to the rule that it must either 
form a continuous circuit or extend to infinity. If the airfoil 
is of finite span, the vortex with which the airfoil has been 
replaced must be pictured as being bent rearwards at both ends. 

See figure 4(a) . The true flow relations around the airfoil will 
be even better represented by considering it as replaced by a 
whole series of vortices, which bend rearwards at varying dis- 
tances from the airfoil ends. See figure 4(b). Thus behind the 
airfoil Is obtained a surface of discontinuity, which is entirely 
composed of adjoining vortex filaments . The distribution of the 
vortices over the chord of the airfoil is determined by the fact 
that in every section 1-1 the vortex filaments passing through 
that cross section will produce Just precisely the circulation that 
exists at this location on the airfoil. A variation in circulation 
about the airfoil occurring between sections 1-1 and 2-2 corresponds 
therefore to a definite number of vortex filaments, whioh leave the 
rear edge of the airfoil in the area between 1-1 and 2 -2 . The vor- 
tices leaving the airfoil may be very nicely made visible in a 
water channel by the introduction of air in the vortex axis. Such 
a flow picture made by H. Brescher of the Aerodynamic Research 
Institute in Gottingen is reproduced in figure 5. Similar observa- 
tions were made on marine propellers by fflttinger (reference 5) 

**nri on airplane propellers by Betz (reference 6). 

The mmw phenomenon oocurs in the stator unde r investigation 
whenever the circulation about the individual blad e is variable 
along Its length. But this is always the case if the flow produoed 
by the stator Is not according to the spiral formula CyT » constant. 
This may be seen from figure 6, which shows a developed cylindrical 
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section through the stator. The circulation about a blade is obtained 
by developing the line integral along the path 1-2-3-4. The partial 
integrals for the two paths 1-2 and 3-4 cancel each other by reason 
of symmetry if these two paths are exactly 1 blade interval apart. 
Along the line 1-4 the velocity is perpendicular to the path of inte- 
gration; the line integral there will consequently be zero ^ There 
remains only the integral along the line 2-3 and the circulation 
around a blade therefore has the value r 0 = c^a, if a is the 
blad e interval. The line integral around the circumference is 
T = c^ 2nt, or with n blades it is n times the individual blade 
circulation r e . For a flow in accordance with the spiral formula, 
the line integral around the circumference is 

p „ oonstant _ , 

A » o„ Zrjt a 2rjt = constant 

u. it r 

that is, independent of r. Thus the blade circulation is also uni- 
form along the blade length. If on the oontrary, the flow does not 
fulfill the spiral -formula conditions, then the circulation around 
each blade varies throughout its length. Consequently, a mass of 
vortex filaments pass from the trailing edge of the blade into the 
current. This is shown in figure 7. If the blade interval is now 
reduced more and more, these Bheets of vorticity also approach one 
another more closely and finally as infinitely snail blade intervals 
are reached fill up the entire flow field behind the stator. The 
progression toward the infinitely small blade Intervals, which are 
necessary to achieve axially synmetrlcal flow, loads therefore to a 
flow, uniformly filled with vortices, of the form derived in the 
previous paragraphs. 


IH. EXPERIMENTS ON THE STATOR 

For the investigation of the spiral flow produoed by a stator 
with nontwisted blading, the test rig shown in figure 8 was designed. 
The stator occupies the space between the inner tube b of 
80-millimeter d iame ter and the outer tube o of 160 -millimeter 
diameter. The ratio of radii is therefore 2 and the difference of 
pressure in a radial direction may be expected to be distinctly 
measurable. In order to obtain a flow through the stator as little 
disturbed as possible, the air of the room is sucked through the 
stator by a blower connected to the test rig through a rather long 
pipe. Special importance was attached to the accurate inst al l a tion 
of the stator blades in. order to secure a satisfactory axial symmetry 
of flow. They were set between the inner and outer tubes by a 
special technique with the aid of a dividing head. The bl ade section 
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used is shown in figure 9. The stator consists of 30 blades. The 
blade -exit angle .was optically tested after installation *r>A the 
variation between blades was within 1 degree. "The precision of the 
blading Inst all a t ion is thus markedly greater t han in ordinary tur- 
bine construction (reference 3, p. 1). The blade surfaces were 
polished and the tube walls very carefully processed In order that 
all surfaces might confidently be regarded as hydraulically smooth. 
Figure 10 is a photograph of the forward part of the test rig with 
the stator. In order to avoid disturbance of the flow* the first 
struts between inner and outer tubes were placed at d at a 
distance of 195 millimeters downstream from the stator. These 
struts were of ciroular soot ion in order to make sure they did not 
Influence the spiral flow. The variation of pressure in the cur- 
rent behind the stator oan be measured through a large number of 
holes e in the inner and outer tubes. In the stream Itself the 
direction of flow is measured by a cylindrical tube of 4-millimeter 
diameter (reference 7), the statlo pressure p and total pres- 
sure Pg by a small Prandtl pitot tube of 1.5-mlllizneter diameter 
and 9. 5 -millimeter length. Ab a check on these measurements, the 
volume of flow and the torque exerted on the stator by the current 
are also measured. The volume rate of flow may be measured by a 
diaphragm located at a sufficient distance downstream from the 
stator behind a straightener that removes the twist from the cur- 
rent. A second possible way of measuring the flow volume 1 b by 
determining the static pressure ahead of the stator through the 
hole f. In order to enable measurement of the torque, the stator 
and the Intake portions of the inner and outer tubes are mounted 
rovolvably on the ball bearings g. The two concentric tubes are 
connected by the stator blades. The break h thus produced in 
the outer tube is closed by a thin rubber membrane i. This space 
oan he used for pressure measurement, as can the break k in the 
inner tube. 

■N. 

Measurements with this test rig are still in progress. Of the 
results so far only those pertaining to a plane 25 millimeters 
behind the stator will be briefly diBCuased, in so far as they are 
applicable to the checking of the calculations se't forth. A com- 
plete report will be published after the conclusion of the inves- 
tigation. Figure 11 shows the distribution of statio pressure p 
and total pressure pg. Within the flow these measurements were 
carried out with the Prandtl pitot tube. The static pressure at 
the two walls (at r/r^ = 1 and r/r^ o 2, respectively) is measured 
through the holes in the vails., „ From figure 11 it can be seen that 
the points obtained by the two methods of measurement lie very 
nicely on one curve. The wall apertures 10 millimeters behind the 
stator showed within 2 percent of the earns pressure difference as 
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the holes at a distance of 25 millimeters. Ha. the total -pressure 
readings with the pitot tube, the wake behind the stator blades was 
still somewhat perceptible. In figure 11 is recorded the minimum 
value of the pressure drop p 0 -p g , which could be measured with a 
revolution of the stator. The total pressure ahead of the stator is 
equal to the pressure po in the air of the room. Because of the 
flow losses in the stator, this same total pressure is never again 
quite attained behind the stator. However, the pressure loss PO"Pg 
is not great except in the region near the inne r tube. It would seem 
that a breakup of the flow occurs here. This region of greater flow 
losses increases in breadth with increasing dist anc e from the stator. 
The. corollary may be reasonably deduced that the region is very sms'll 
immediately behind the stator. With the exception of this region of 
disturbance and of the immediate neighborhood of the outer wall, the 
assumption made in the calculations that the total pressure is con- 
stant across a section behind the stator agrees in some measure with 
the actual relations in a fluid subject to friction. The drop Po"Pg 
in total pressure as the flow passes through the stator may be taken 
into account by the introduction of a coefficient cp to modify the 
theoretical velocity of outflow from the stator. In order to deter- 
mine the coefficient qp, the measured pressure difference Pa"Pi 
between outer and inner walls will be compared with that which would 
be calculated for frictionleBS flow according to the previous section 
if the impact pressure of the flow at the inner wall is equal to the 
pressure drop PO"Pi that point. The direction of outflow is 
determined to be at an angle of 25° to the peripheral direction by 
means of the cylindrical tube. This direction of flow is also 
recorded in figure 9. If the theoretical pressure difference Po"Pi 
is calculated for this angle of 25° and the ratio of the observed 
to the calculated pressure difference is found, the numerical value 
0.902 is obtained. This must be equal to the square of the coef- 
ficient cp. For the coefficient itself the value cp *» 0.950 Is thus 
obtained. A second possible way of determining this is afforded 
through tho measurement of the torque. 

The torque measurement in this experiment is 6.25 centimeter 
kilograms. The corresponding torque for the theoretical flow con- 
sidered In tho previous section may he calculated by means of the 
following equation 



7 2m dr 
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which follovs directly from the principle of momentum . After 
Insertion of the exit angle In this equation and expression of 

the -velocity components In terms- of equations (11) and (12), Inte- 
gration gives the expression 


Md a Jt 


L aln (2 ai) 

g 2 sln2 o^+l 


2 

°il r l 



£a 

rj 


5-2 cos £ 


“1 



The quantity j^c^ Is simply the dynamic pressure of the flow at 

the inner vail. If the observed pressure difference Pq-Pij "that 
Is, the dynamic pressure that would he associated with a loss -free 
drop in the pressure p^ behind the stator Is substituted for this, 
a value of 6.40 centimeter kilograms is obtained for the torque. 

The difference between the calculated and the observed value may also 
be explained In terms of the fact that the conversion of pressure Into 
velocity In the stator does not proceed entirely without losses. The 
stator-velocity coefficient cp may be derived from those quantities 
also. The square of this coefficient Is the ratio of the observed 
to the calculated torque. For this Is obtained the value 0.977. 

The velocity coefficient Itself then comes to 0.988. This value lies 
within the range established for turbine bladings. Of course, note 
must be taken In this connection that the coefficient is based on 
the dynamic pressure at the Inner wall, that is, to the maximum 
velocity. In the next paragraph will be seen why the value calcu- 
lated from the pressure distribution Is lower. 


Another basis on which observation may be oompared with cal- 
culation is to calculate the pressure difference p a -Pi, which 
would occur In a frictionless flow having a volume per unit time 
equal to that of the actually observed flow through the stator. 

By means of the formulas In the previous section, thiB Is found 
to be Pa "Pi *» 105.9 millimeters water or 130.2 millimeters alcohol . 
From figure 11 the observed pressure difference p Q -p^ was 122 mil- 
limeters of alcohol. The calculated pressure difference Is thus 
6.7 percent greater than the observed. This may be freely explained 
by the faot that smaller velocities are present at the Inner wall 
due to the greater flow losses these velocities Influence the 
pressure Increase especially strongly because of the markedly 
curved paths. 


Thus the calculated pressure difference between Inner and outer 
walls 1 b found to agree very well tilth the observed. Likewise the 
range of static pressure over the annular space between the walls 
Is satisfactorily reflected by the calculation, as a comparison of 
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figures 2 and 11 shove. The calculations for a gas vith negligible 
friction may thus be applied also to the approximate representation 
of the relations in a gas subject to friotion, if the theoretical 
speeds are modified by the customary coefficients. In so doing, of 
course, the losses are considered as distributed equally over the 
whole length of blade; fine points suoh as the concentration of the 
flow losses at the inner vail are naturally not included. The deflec- 
tion of the current toward the axis, indicated in figure 3, may bo 
made clearly visible by the introduction of a streamer between the 
blades. 


IV. OALCULATION OF FLOW THROUGH THE ROTOR 

Nov the methods of calculation set forth in section II will be 
applied to the rotor as well. The section through a turbine stage 
consisting of rotor and stator iB shown in figure 12. The plane of 
measurement 1-1 lies between stator and rotor. In what follows the 
velocity and pressure variations in a second plane 2-2 behind the 
rotor will be set forth. In so doing the assximptlon will be made 
that the pressure variations in the plane 1-1 will not be influenced 
by the rotor. That is, in the following discussion the range of 
pressures, which were calculated for the stator by itself will be 
taken as the basis. This assumption will certainly be correct if 
the space between stator and rotor is kept sufficiently great, or 
if the rotor blades have a large axial dimension. But in the case 
of the small rotor-stator space and small blade widths customary 
in turbine construction. It remains to be experimentally determined 
whether the pressure in the space between rotor and stator will be 
altered as the flow lines are deflected sharply outward, as shown 
in figure 22. (See reference 9.)^ Preparations are being made 
for such measurements on a one -stage turbine with nontwisted stator 
and rotor blades. In spite of this uncertainty, the following cal- 
culations are still of importance for such blade forms, as they 
provide maximum values for the difference of Inflow angles between 
head and foot of the rotor blades. If the form of the rotor blades 
is so designed that they will work efficiently in this range of 
angles of Inflow, then the blades will certainly be suitable for 
the actual flow to be encountered. 


^Measurements by W. Hartmann on a turbine stage (reference 8) 
appear to indicate that vith a narrow rotor-stator space the radial 
pressure increase In this spaoe is smaller. 
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In figure 12 the velocity -vector diagrams at entrance to and 
exit from the rotor are shovn. The absolute velocities are desig- 
nated by c . and the relative velocities by v. The rotor velocity 
at the given radial distance is designated by u. The rotor blades 
shall be so rounded at the fore edge that throughout the range of 
inflow angles in question they will permit a flow around the blades 
without separation. The absolute Inflow angles are designated a., 
the relative angles 0. All quantities referring to plane 1-1 are 
written with the subscript 1 and those relating to plane 2-2 with 
the subscript 2. The energy drop, which undergoes conversion in 
the stator, is denoted by h, that converted in the rotor by h* . 
These drops are obtained from the adiabatic energy drops in the 
usual manner, deducting the energy losses calculated with the aid 
of the velooity coefficients q> and ty. The kinetic energy of 
the inflow velooity oq is also to be Included in the total drop 
H available over the whole stage 

2 

H = h + h' + “ (28) 

2g 

For the drop in the stator we have 

h = ^ (of - eg) (29) 

and correspondingly for the rotor drop 

° h ( "2 ~ ^ (30) 

Thus the total drop can also be written as 

H «= h' + (31) 

2g 

For the following calculations a stator having nontwist ed blades 
will first be assumed. In the final seotlon the general method of 
calculation will be given, whloh will also Include twisted blad e s. 

In general, there also exists a spiral at plane 2-2 and hence a 
pressure increase toward the outside. Only when the absolute out- 
flow velooity from the rotor has no peripheral component, that is, 
when it is directed strictly axially, will there by uniform pressure 
in the piftnn 2-2. The calculation for this case is also the most . 
simple one. 
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1. Rotor vlth Axial Outflow 

From the velooity-vector diagram for the rotor Inflow, for the 
relative Inflow velocity w-^ is obtained the equation 

w^ *=. o| + u 2 -2 u (32) 

For the relative outflow velocity v 2 , the equation becomes simpler 
because the whirl component of the absolute outflow velocity 

is assumed to be zero. 


4 


+ u c 


(33) 


Bence for the rotor drop from equation (30) is obtained the relation 



°l) + | °ul u 


(34) 


Solving for 03 gives 


4 

2S 



°ul u 

S 


(35) 


or after introduction of the total drop H 


°l _ °ul u 

m H - 

2g g 


(36) 


By introduction of the values of c n1 from equation (11) and of the 
rotor velocity u from the equation u =» rw (to =» angular velocity), 
the following equation is obtained 


d - H - - a, “1 (37) 

g 

from which the absolute outflow velocity Og from the rotor may be 
determined. 


In figures 13 an d 14 the numerical evaluation of this equation 
for stators with exit angles of 45° and 30°, respectively, is presented. 
The intake to the stator is here assumed to be strictly axial and of 
uniform velocity throughout the blade length. The rotor must have 
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twisted blades so &b to give at the rotor speed seleoted an axial 
outflow at all points along their length. The leading edge of the 
blades shall he so designed that no flow separation shall ooour 
(inflow firee of shock) . This oan best be obtained by a rounding -off 


of the leading edge as shown In figure 12. Because only relative 
measurements are of importance for the problem In hand, the ratio 
of radii r/r^ was chosen as the absolssa. As only relative 
velocities are of concern. It Is assumed that the axial veloolty 
and Ojjg = 1. .The rotor speed is so chosen that at the Inner 
Lius the pressure p^ Is equal to p_, that Is, at the foot of 
the blades the rotor operates at equal pressure on both sides. From 
figures 13 and 14 it oan be seen that the axial velocity c^ = og 
behind the rotor decreases in an outward direction In somewhat the 
same manner as the veloolty o Tn1 In front of the rotor. 


In the lower halves of these figures Is also the degree of reac- 
tion B, that Is, the ratio of rotor drop h' to total drop H, as 
well as the work output hj^ Imparted to the rotor at each point per 
kilogram of medium flowing through. The latter Is obtained from the 

equation u. It is seen from the graphs that the degree 

of reaction R rises quite rapidly along the blade from foot to 
outer end. At 45° and 30° inflow angles the reaction degree reaches 
0.5 at radius ratios of 1.9. and 1.6, respectively, that is, the 
blades operate with 50 percent reaction at those points. 

The work output Imparted to the rotor likewise Increases out- 
wardly along the blade. The Bernoulli equation (3) consequently has 
behind the rotor a different value for the constant K for each flow 
line beoause the withdrawal of energy from each flow line within the 
rotor is different In amount. Furthermore, it Is no longer necessary 
to fulfill the oondltlon that the vortex filaments coincide with the 
flow lines. In reality. In the present case the vortioity also stands 
perpendicular to the direction of flow Inasmuch as the axial com- 
ponent of the vortlclty W m (equation (25) ) Is equal to zero beoause 
of the entirely axial outflow veloolty. Thus the vortex filamentB 
present In the current in this case run around the axis as closed 
rings. 


In figure 15 is represented the course of the flow lines through 
a turbine stage. The deflection of the flow toward the axis, whloh 
is Introduced In the stator. Is only to a rather small degree reversed 
In the rotor. 
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2. Nontwiated fiotor Blade 

If the rotor 1 b equipped vlth nontwiated blades. It is not pos- 
sible to achieve axial outflow throughout the length of the blade. 
Because of the whirl component present In that case, a radial Increase 
of pressure occurs behind the rotor, whereby the calculation Is made 
more difficult. The drop H through the stage Is therefore also non- 
uniform along the blade length. In order to determine It, the drop 
h 1 In the rotor is first calculated. For the relative outflow 
velocity wg, the following equation applies 

w|=c| + u 2 -2c u2 u (58) 

By insertion of the expressions from equations (38) and (32) In equa- 
tion (30), 


h ’ " ^ + | (°ul u - °u2 u ) (39) 

The drop In the whole stage may now be expressed on the basis of 
equation (31) as 

H “ °1 + g (°ul “ °u2 ) a j/^- ( 4 °) 

The drop H is again equal to the pressure Integral / This 

equation replaces the Bernoulli equation (3) . Hence an expression 
for the radial increase of pressure behind the rotor can also be 
derived by differentiating with respect to r 


1 dp 2 - 1 do 2 H 

7 dr 2g dr g dr 


(°ul u 



(41) 


A second relation pertaining to the Increase of pressure Is also to 
be found In equation (1), which must apply here equally well as an 
equilibrium of forces. In order to eliminate the velooity eg from 
equation (41), the axial component &n£> will be first expressed in 
terms of the whirl component . From the velocity diagram for the 
outflow is deduced the equation 

Cm2 = (u " c u2 ) tan h 


The velocity eg Is then 


c| - (u - 0u2 ) 2 tan 2 + c 2 


u2 


(42) 
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By differentiation of this equation with respect to r, It becomes 


- u2^jr (43) 

By Insertion of this relation In equation (41) and elimination of 
Pg by means of equation (1), the velocity component o u ^ by means 
of equation (ll), and the rotor speed by means of the equation 
u a rw, after several transformations Is obtained 


o§a sln2 “l 5 

r ‘ r oos a-i 
(1 + tan 2 8 J) )(o P — r(0) 


This Is the definitive equation for the determination of the 
whirl component c^ of the outflow velocity. It Is a nonlinear 
differential equation of the first order, whose general solution 
cannot be obtained because of Its complex construction. The most 
suitable method of solving it Is by lsocllnloal lines. Using this 
method, the numerical calculations for a turbine stage with non- 
twlsted stator blades of 45° exit angle were undertaken . The axial 
velocities at the Inner radius %il and are again set equal 

to 1. The rotor speed Is so seleoted that there Is equal pressure 
before and behind the foot of the rotor blades. Furthermore, the 
exit angle of the nontwlsted rotor blades Is of such magnitude that 
the outflow at the foot of the blades Is entirely axial. The results 
of the calculations are Bhown In figure 16 by the solid lines. 


Although the graphic solution of differential equation (44) 
offers no particular difficulties, engineering practice nevertheless 
considers It undesirable. It will therefore be best to look for a 
means of simplifying the calculation. For the greater number of 
practical cases, such a means Is found in the fact that great effort 
will always be made to obtain outflow as nearly axial as possible 
throughout the length of the blades In order to keep outflow losses 
small. If the whirl components of the outflow velocity are 

small, then the radial -pressure Increases will also be small. The 
radial -pressure Increase corresponding to the relations In figure 16 
is shown In figure 2 by the dashed line. It must be admitted that, 
particularly for smaller radius ratios. It is quite small as com- 
pared to the radial pressure increase behind the stator. Therefore, 
Investigation of whether a reliable simplification of the calculation 
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can be obtained by Ignoring the pressure differences along the length 
of blade may be made . The stage drop H Is then uniform o ng the 
radius r constant. By substituting in equation (30) only the value 
for the relative Inflow velooity w^ from equation (32), and then 
substituting in equation (31) the value for the rotor drop, the 
drop over the vhole stags H is obtained 


_ 12 12 1 
H - S ^ " ai tt + £°“l u 

Further, from the out flow -vector diagram 

°ffl2 

V 2 " sin 


(45) 


(46) 


By Insertion of this In equation (45) an equation for calculating 
the axial component of the outflow velooity is obtained 


Je s + r° In2 °1 (47) 

2 g ato 2 f>2 2 8 1 

as the outflow angle P 2 ls determined by the form of the rotor 
blade, from this equation the velooity c-© may be calculated. 

From the outflow-vector diagram ls then obtained the peripheral 
component 

°u2 - r ® - ran!? (48) 

The velocities so calculated are shown by the dashed lines in figure 16. 
In the lower portions of the figure are the corresponding degrees of 
reaction B and the value of the wort output which is now 

obtained from the equation 

(°ui " °u2^ ( 49 ) 


As practical oases will not Involve going much beyond a radius 
ratio r/rj^ = 2, the results obtained by equations (47) and (48) 
may be regarded as sufficiently close approximations. 


It ls observed from figure 16 that with nontwlsted blades the axial 
outflow velooity c^g Increases but slowly with increasing radius r. 
The deflection of the flow toward the axis behind the stator has thus 
now been reversed to a large extent. The degree of reaction B again 
reaches 0.5 at a radius ratio of r/r^ = 1.9; on the other hand, the 
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work output decreases with increasing radius slowly at first and 
then very sharply. At a radius ratio of r/r^ = 2.4, the work out- 
put is already zero. If the blades cure made still longer, the parts 
of the blades' beyond a' radius ratio' of 2.4 will operate aB a blower, 
that Is, they will add energy to the- flow. Practically, of course, 
a blading of such height Is out of the question. The work output 
may be made more uniform along the blade length If the radius at 
which entire axial outflow 1 b obtained Is located not at the foot of 
the blading but further outwards. This can be seen from figure 17. 
Here the solid lines repeat the data of figure 16 and the dashed 
lines give the values for a second rotor speed so chosen that the 
entire axial outflow oocurs at a radius ratio r/r^ a 1.5. It Is 
observed that the relations thus obtained are more favorable. The 
a x ial outflow velocity Is more uniform throughout the blade 

length and the work output; hp also falls less sharply With Increase 
of radius r. In figure 18 the corresponding results are given for 
a stator with an outflow angle of 30°. The phenomena already desrlbed 
for the 45° stator occur here In still greater degree. In figures 19 
and 20 the velocity-vector diagrams are also shown, namely, In the 
upper rows for the rotor speed giving axial outflow at the foot of 
the blading and in the lower rows for the speed giving axial outflow 
at r/r^ » 1.5. The velocity -vector diagrams are shown in the form 
customary for water turbines. This fora is considered clearer than 
that customary for steam turbines. Figures 21 and 22 show the course 
of the flow lines for the two outflow angles, respectively. The flow 
lines In the plane between stator and rotor and behind the rotor are 
determined by the calculated axial speeds and • The course 

of the flow lines between these planes is estimated. The figures 
show quite clearly the deflection of the flow by the stator, which 
has been frequently mentioned above. With nontwlsted rotor blades 
this deflection is reversed In the rotor. But It must not be con- 
cluded from this that flow behind the rotor 1 b once more vortex -free. 
Figures 17 and 18 b how that suoh is not at all the case . Because of 
the marked bending of the flow lines in the plane of an axial section, 
which ocours at small outflow angles (fig. 22), centrifugal 

foroes are oreated that possibly extend Into the space between the 
stator and rotor «.nfl in that case would counteract the pressure drop 
In the radial direction. The drop In a radial direction in the 
stator outflow veloolty would thus be diminished and the flow lines 
straightened. The variation in the relative Inflow angles along the 
rotor blade would be likewise diminished. Bow far this phenomenon 
actually occurs remains to be determined experimentally . ’ 
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3. Practical Calculation of a Turbine Stage 

lb order to calculate a turbine stage for a certain set of 
prescribed conditions, It is unnecessary to go back to the equations 
presented In the foregoing section; Instead the calculation nay be 
carried out by making suitable use of the Mollier diagram. If the 
adiabatic stage drop Is prescribed, then the stator drop at 

the inner radius ^ Is first selected. A maximum value no 

greater than wild. alKw the rotor to work at equal pressure at Its 
Inner radius (p^ » pg) will be selected. Of course, on the other 
hand the rotor may be allowed to operate with some degree of reaction 
at this point. From the Btator drop h ^ the theoretical stator 
outflow velocity Is determined in the usu&l manner by means of a 
velocity scale in the Mollier diagram. The true outflow velocity 
Is obtained by multiplying by the velocity coefficient cp. The 
variation of exit angle along the blade length Is prescribed by 
the blade form. .From the blade angle at the Inner radius the whirl 
velocity component is obtained. How the variation of the 

whirl component for the other radii r also must be calculated. 

This Is done by means of equation (11) for nontwlsted stator blades 
or equation (9) for twisted stator blades. From the variation of 
the stator outflow angle, the variation of the outflow velocity Cj 
Is obtained and therewith that of the stator drop h along the blade 
length. The fact that with large blade spacing the outflow angle of 
the flow no longer exactly equals the blade -exit angle may be allowed 
for by an "angle excess." If there is approximately axial outflow 
from the rotor, then in accordance with what has been said the pres- 
sure pg behind the rotor blades and consequently the drop H may 
be regarded as uniform. From the Mollier diagram the adiabatic rotor 
drop h'^ for each radius is simply taken and from this Is obtained 
by means of equation (3) the theoretical relative rotor outflow 
velocity ^g-t^eoretical* and, by multiplication with the velocity 
coefficient cp, tho true relative velocity wg . Now the Inflow and 
outflow velocity-vector diagrams can be drawn and the calculation of 
the stage completed. The calculation of a second stage to be added 
to the first cannot, to be sure, be undertaken without further ado 
In the same manner, because the velocity of Inflow Into the second 
stage is no longer purely axial, or entirely uniform throughout the 
blade length. For not too great lengths of blade these variations, 
which according to figures 16 to 18 are not very large for nontwlsted 
blades In such a case may probably be Ignored, and the calculation 
may be carried out as for the first stage. In general, however, It 
must be borne In mind that the vortex current, which Is here involved, 
undergoes changes over greater distances of travel, so that with 
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larger numbers of stages the- prerequisite conditions for the calcu- 
lation are less veil fulfilled. Its reliability for several tandem 
stages therefore remains to be tested experimentally. 


Y. SUMMARY 

The flow in. steam turbines of considerable blade length is 
strongly affected by the increase in pressure from the axis outward 
in the space between the stator and rotor. The sane phenomenon is 
observable also in axial superchargers, which make use of a large 
drop in one stage and hence operate with a pronounced spiral flow. 

In order to obtain high efficiency In such machines, this phenomenon 
must therefore be considered In the design of the blades. Its cal- 
culation for nontvisted and arbitrarily twisted blades has therefore 
been given. The flow behind the Btator is first considered, the 
assumptions -of closely spaced blades and negligible friction in the 
gas being made. Thereafter experiments on a stator are reported, 
vhlch show that the methods of calculation so obtained also reflect 
very veil the actual conditions in a gas subjeot to friction. Then 
the calculations are completed for the course of the flow behind the 
stator. The results are shown in figures 13 to 18 for nontviBted 
stator blades with exit angles of 50° and 45° and for nontvisted and 
twisted rotor blades. The degree of reaction varies considerably 
over the blade depth due to the radial Increase of pressure. With 
a stator blading of 30° exit angle, a rotor blade operates with 
50 percent reaction at its outer end when equal pressure exists at 
its foot and when the blade length is 0.6 of the inner radius. The 
flow through the stage is first deflected toward the axis in the 
stator with nontvisted blades. This phenomenon is reversed in the 
rotor and Indeed somewhat overcompensated, if the rotor blades are 
alBo nontvisted. 


Translation by Edward S. Shafer, 
National Advisory Committee 
for Aeronaut ios . 
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Figure I. - Flow through a stator. 
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Vortex filaments 


b e h i n d 


a stator 








N ACA TM No. |||8 


Fig. I 



Figure It. - Measured range of total pressure Pg and 

static pressure p at distance r from axis, 25 mill 
behind the stator. The pressures are given in mil 

of alcohol (y - 813 kg/m 3 ). 
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Stator and rotor of a turbine stage 
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Figuresl3 and 14. - Graph of velocity components c u and c m» 

degree of reaction R , and work output h n over blade length 
of a turbine stage with nontwisted stator blades having 
exit angles of 30° and 45° and twisted rotor blades giving 
strictly axial outflow from the rotor. Pressure is equal- 
ized at foot of rotor blades; axial velocity at that point 
is equal in front of and behind rotor blades. 

C| outflow velocity from stator 
C 2 outflow velocity from rotor 
r t inner rad i us 
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Fig. 16 
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Figure 16. - Graph of velocity components c m and c u , degree 
of reaction R, and work output h n in a turbine stage having 
nontwisted stator and rotor blades and fully axial outflow 
at inner rad i us r\ 

c | outflow velocity from stator 

c 2 outflow velocity from rotor 

exact calculation 

approximate calculation 

Equal pressure and axial velocity before and behind foot of 
rotor blades. 
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Figures 17 and 18. - Graph of velocity components c u and c m , 

degree of reaction R, and work output h n of turbine stage 
with nontwisted blades, 
c | o u t f I or velocity from stator 

C 2 outflow velocity from rotor 

axial outflow from rotor at inner radius r,- 

axial outflow from rotor at radius r = I . £> rj 

Equal pressure before and behind foot of rotor blades. 
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Figure 20. - 
cording to 
r j ; below, 


Ve loc i ty-vect'or diagrams for turbine stage ac- 
f igure 18. Above, axial outflow at inner radius 
axial outflow at radius r «= 1.5 r j. 
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Figures 21 and 22. - Course of flow lines through turbine 
stage consisting of nontwisted stator blades with exit 
angles of 30° and 45° and nontwisted rotor’ blades. 
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